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1. Introduction
Let H be a real Hilbert space with the scalar product and the norm denoted by the symbols ⟨., .⟩ and ‖.‖, respectively,
and let C be a nonempty closed and convex subset of H . Denote by PC (x) the metric projection from x ∈ H onto C . Let T be
a nonexpansive self-mapping on C , i.e., T : C → C and ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C . We use F(T ) to denote the set
of fixed points of T , i.e., F(T ) = {x ∈ C : x = Tx}. We know that F(T ) is nonempty, if C is bounded, for more details see [1].
For finding a fixed point of a nonexpansive self-mapping on C , Ishikawa [2] proposed the following method:
x0 ∈ C any element,
yk = αkxk + (1− αk)Txk,
xk+1 = βkxk + (1− βk)Tyk,
(1.1)
where {αk} and {βk} are two sequences of positive real numbers. When αk = 1 for all k ≥ 0, we have the iterative process:
x0 ∈ C any element,
xk+1 = βkxk + (1− βk)Txk, (1.2)
introduced by Mann [3] in 1953. Both processes (1.1) and (1.2) have only weak convergence, in general (see [4] for an
example). The formulation of process (1.2) is simpler than that of (1.1) and a convergence theorem for process (1.2) may
possibly lead to a convergence theorem for (1.1) provided that the sequence {αk} satisfies certain appropriate conditions.
However, the introduction of the process (1.1) has its own right. As a matter of fact, process (1.2) may fail to convergence
while process (1.1) can still converge for a Lipschitz pseudocontractive mapping [5].
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To obtain strong convergence for (1.1), Martinez-Yanes and Xu [6] proposed the following hybrid-Ishikawa iteration
process:
x0 ∈ C any element,
zk = αkxk + (1− αk)Txk,
yk = βkxk + (1− βk)Tzk,
Ck = {z ∈ C : ‖yk − z‖2 ≤ ‖xk − z‖2 + (1− αk)(‖zk‖2 − ‖xk‖2 + 2⟨xk − zk, z⟩)},
Qk = {z ∈ C : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PCk∩Qk(x0), k ≥ 0,
(1.3)
where {αk} and {βk} are two sequences in [0, 1] satisfying some conditions.
Let {T (t) : t > 0} be a nonexpansive semigroup on C , that is,
(1) for each t > 0, T (t) is a nonexpansive mapping on C;
(2) T (0)x = x for all x ∈ C;
(3) T (t1 + t2) = T (t1) ◦ T (t2) for all t1, t2 > 0;
(4) for each x ∈ C , the mapping T (.)x from (0,∞) into C is continuous.
Denote by F = ∩t>0 F(T (t)), the set of common fixed points for the semigroup {T (t) : t > 0}. We know [7] that F is a
closed convex subset in H and F ≠ ∅ if C is compact (see, [8]).
For finding an element p ∈ F , Nakajo and Takahashi [7] introduced an iteration procedure as follows:
x0 ∈ C any element,
yk = αkxk + (1− αk) 1tk
∫ tk
0
T (s)xkds,
Ck = {z ∈ C : ‖yk − z‖ ≤ ‖xk − z‖},
Qk = {z ∈ C : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PCk∩Qk(x0)
(1.4)
for each k ≥ 0, where αk ∈ [0, a] for some a ∈ [0, 1) and {tk} is a positive real number divergent sequence. Under the
conditions on {αk} and {tk}, the sequence {xn} defined by (1.4) converges strongly to PF (x0).
In 2007, He and Chen [9] considered for the nonexpansive semigroup an iteration procedure:
x0 ∈ C any element,
yk = αkxk + (1− αk)T (tk)xk,
Ck = {z ∈ C : ‖yk − z‖ ≤ ‖xk − z‖},
Qk = {z ∈ C : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PCk∩Qk(x0)
(1.5)
for k ≥ 0, where αk ∈ [0, a) for some a ∈ [0, 1) and tk ≥ 0, limk→∞ tk = 0, then the sequence {xk} in (1.5) converges
to PF (x0). In 2008 Saejung [10] showed that the proof of the main result in [9] is very questionable and corrected this fact
under new condition on tk: lim infk tk = 0, lim supk tk > 0, and limk(tk+1 − tk) = 0.
Obviously, if C = H , then Ck and Qk in (1.3)–(1.5) are two halfspaces. Then, at each step k, having xk and yk, we can find
xk+1 in the algorithms by the technique in [11] (Section 3, the algorithm). A big difficulty is appeared in the case that C ≠ H .
It is easy to see that if C is a proper subset of H , then Ck and Qk are not two halfspaces. Then, a natural question is posed:
how to construct the closed convex subsets Ck and Qk for a fixed closed convex subset C and if we can express xk+1 in the
above algorithms in a similar form as in [11]. Obviously, the answer is positive, if Ck and Qk in these methods are also two
halfspaces. This idea brings us to consider two newmethods based on the Ishikawa’s iteration with a little modification and
the Solodov-Svaiter’s method in [11], where Ck and Qk will be replaced by two halfspaces, even if C is a proper closed convex
subset of H . To do this, we extend the nonexpansive mapping T (t) to TC (t) := T (t)PC defined on the whole space H . We
know that PC is a nonexpansive mapping and hence TC (t) is also nonexpansive. Moreover, since TC (t) is a mapping from H
into C and F(T (t)) ≠ ∅, we can easily verify that F(TC (t)) = F(T (t)) for each t > 0.
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Our algorithms are defined as follows:
x0 ∈ H any element,
x1k = PC (xk),
zk = αkx1k + (1− αk)Tkx1k,
yk = βkx1k + (1− βk)Tkzk,
Hk = {z ∈ H : ‖yk − z‖ ≤ ‖xk − z‖},
Wk = {z ∈ H : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PHk∩Wk(x0),
(1.6)
for k ≥ 0, where {αk} and {βk} are two sequences in [0, 1], {tk} is a sequence of positive real numbers satisfying the following
condition:
lim inf
k
tk = 0, lim sup
k
tk > 0, lim
k
(tk+1 − tk) = 0 (1.7)
or
lim
k→∞ tk = ∞, (1.8)
and Tk is defined by
Tky = T (tk)y, (1.9)
or
Tky = 1tk
∫ tk
0
T (s)yds, (1.10)
for all y ∈ C , respectively.
The strong convergence of themethods (1.6), (1.7), (1.9) and (1.6), (1.8), (1.10) is proved in the next section. An application
is showed in Section 3.
2. Main results
We formulate the following facts needed in the proof of our results.
Definition 1.1. A Banach space E is said to satisfy Opial’s condition [12] if whenever {xk} is a sequence in E which converges
weakly to x, as k →∞, then
lim sup
k→∞
‖xk − x‖ < lim sup
k→∞
‖xk − y‖, ∀y ∈ E with x ≠ y.
It is well known that Hilbert space and lp (1 < p <∞) satisfy Opial’s condition [13].
Lemma 2.2 ([14]). Let C be a nonempty closed convex subset of a real Hilbert space H. For any x ∈ H, there exists a unique z ∈ C
such that ‖z − x‖ ≤ ‖y− x‖ for all y ∈ C, and z = PC (x) if and only if ⟨z − x, y− z⟩ ≥ 0 for all y ∈ C, where PC is the metric
projection of H onto C.
Lemma 2.3 ([15]). Every Hilbert space H has Randon–Riesz property or Kadec–Klee property, that is, for a sequence {xn} ⊂ H
with xn ⇀ x and ‖xn‖ → ‖x‖, then there hodls xn → x.
Lemma 2.4 (Demiclosedness Principle [15]). If C is a closed convex subset of H, T is a nonexpansive mapping on C, {xn} is a
sequence in C such that xn ⇀ x ∈ C and xn − Txn → 0, then x− Tx = 0.
Lemma 2.5 ([16]). Let C be a nonempty bounded closed convex subset of H and let {T (t) : t > 0} be a nonexpansive semigroup
on C. Then, for any h ≥ 0
lim
t→∞ supy∈C
T (h)1t
∫ t
0
T (s)yds

− 1
t
∫ t
0
T (s)yds
 = 0.
Now, we are in the position to prove our results.
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Theorem 2.6. Let C be a nonempty closed convex subset in a real Hilbert space H and let {T (t) : t > 0} be a nonexpansive
semigroup on C such that F = ∩t>0 F(T (t)) ≠ ∅. Assume that {αk} and {βk} are sequences in [0, 1] such that αk → 1 and
βk ≤ 1 − β for some β ∈ (0, 1). Then, the sequences {xk}, {zk}, {yk} defined by (1.6), (1.7) and (1.9) converge strongly to the
same point u0 = PF (x0).
Proof. First, note that ‖yk − z‖ ≤ ‖xk − z‖ is equivalent to
⟨yk − xk, xk − z⟩ ≤ −12‖yk − xk‖
2.
Thus, Hk is a halfspace. For each p ∈ F , since p = T (tk)p = T (tk)PC (p) for k ≥ 0, by the convexity of ‖.‖2 and the
nonexpansive property of T (tk) and PC , we obtain
‖zk − p‖2 = ‖αkx1k − p+ (1− αk)T (tk)x1k‖2
= ‖αk[PC (xk)− PC (p)] + (1− αk)[T (tk)PC (xk)− T (tk)PC (p)]‖2
≤ αk‖PC (xk)− PC (p)‖2 + (1− αk)‖PC (xk)− PC (p)‖2
≤ ‖PC (xk)− PC (p)‖2
≤ ‖xk − p‖2.
By the similar argument, we also obtain
‖yk − p‖2 = ‖βkx1k − p+ (1− βk)T (tk)zk‖2
= ‖βk[PC (xk)− PC (p)] + (1− βk)[T (tk)zk − T (tk)p]‖2
≤ βk‖xk − p‖2 + (1− βk)‖zk − p‖2
≤ ‖xk − p‖2.
Therefore, p ∈ Hk for k ≥ 0. It means that F ⊂ Hk.
Next, we show by mathematical induction that F ⊂ Hk ∩Wk for each k ≥ 0. For k = 0, we have W0 = H , and hence
F ⊂ H0 ∩W0. Suppose that xi is given and F ⊂ Hi ∩Wi for some i > 0. There exists a unique element xi+1 ∈ Hi ∩Wi such
that xi+1 = PHi∩Wi(x0). Therefore, by Lemma 2.2,
⟨xi+1 − x0, p− xi+1⟩ ≥ 0
for each p ∈ Hi ∩Wi. Since F ⊂ Hi ∩Wi, we get F ⊂ Wi+1. Thus, we have F ⊂ Hi+1 ∩Wi+1.
Further, since F is a nonempty closed convex subset of H , there exists a unique element u0 ∈ F such that u0 = PF (x0).
From xk+1 = PHk∩Wk(x0), we obtain
‖xk+1 − x0‖ ≤ ‖z − x0‖
for every z ∈ Hk ∩Wk. As u0 ∈ F ⊂ Hk ∩Wk, we get
‖xk+1 − x0‖ ≤ ‖u0 − x0‖, (2.1)
for k ≥ 0. This implies that {xk} is bounded. So, {T (tk)x1k}, {zk} and {T (tk)zk} are also bounded.
Now, we show that ‖xk+1 − xk‖ → 0. From the definition of Wk and Lemma 2.2, it follows that xk = PWk(x0). As
xk+1 ∈ Hk ∩Wk, we have
‖xk+1 − x0‖ ≥ ‖xk − x0‖,
for k ≥ 0. Therefore, {‖xk − x0‖} is a nondecreasing and bounded sequence. So, there exists the limit of ‖xk − x0‖. On the
other hand, from xk+1 ∈ Wk, we have ⟨xk − x0, xk+1 − xk⟩ ≥ 0 and hence
‖xk − xk+1‖2 = ‖xk − x0 − (xk+1 − x0)‖2
= ‖xk − x0‖2 − 2⟨xk − x0, xk+1 − x0⟩ + ‖xk+1 − x0‖2
≤ ‖xk+1 − x0‖2 − ‖xk − x0‖2.
Thus,
lim
k→∞ ‖xk+1 − xk‖ = 0. (2.2)
Since αk → 1 and {xk}, {T (tk)x1k} are bounded, we have that
lim
k→∞ ‖zk − x
1
k‖ = limk→∞(1− αk)‖x
1
k − T (tk)x1k‖ = 0. (2.3)
Since xk+1 ∈ Hk, we have that
‖yk − xk+1‖ ≤ ‖xk − xk+1‖.
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Therefore, from (2.2) it follows
lim
k→∞ ‖yk − xk+1‖ = 0.
This together with (2.2) implies that
lim
k→∞ ‖yk − xk‖ = 0. (2.4)
Noting that T (tk)zk = yk − βk(x1k − T (tk)zk), we have
‖x1k − T (tk)zk‖ ≤ ‖x1k − yk‖ + βk‖x1k − T (tk)zk‖.
Then,
‖x1k − T (tk)zk‖ ≤
1
1− βk ‖PC (xk)− PC (yk)‖ ≤
1
1− βk ‖xk − yk‖.
By 1− βk ≥ β > 0 and (2.4), we obtain
lim
k→∞ ‖x
1
k − T (tk)zk‖ = 0.
Therefore, from the last equality and (2.3) it follows that
lim
k→∞ ‖zk − T (tk)zk‖ = 0. (2.5)
Without loss of generality, as in [10], let
lim
j→∞ tkj = limj→∞
‖zkj − T (tkj)zkj‖
tkj
= 0. (2.6)
Now, we prove that p = T (t)p for a fixed t > 0. It is easy to see that
‖zkj − T (t)p‖ ≤
[t−tkj ]−1−
l=0
‖T (ltkj)zkj − T ((l+ 1)tkj)zkj‖
+
T

t
tkj

zkj − T

t
tkj

p
+
T

t
tkj

p− T (t)p

≤ t
tkj
‖zkj − T (tkj)zkj‖ + ‖zkj − p‖ +
T

t −

t
tkj

tkj

p− p
 .
Therefore,
‖zkj − T (t)p‖ ≤
t
tkj
‖zkj − T (tkj)zkj‖ + ‖zkj − p‖ + sup{‖T (s)p− p‖ : 0 ≤ s ≤ tkj}.
This fact, together with (2.6) and property (4) for the semigroup, implies that
lim sup
j→∞
‖zkj − T (t)p‖ ≤ lim sup
j→∞
‖zkj − p‖.
As every Hilbert space satisfies Opial’s condition, we have T (t)p = p. Therefore, p ∈ F . Thus, (2.1) and the weakly lower
semicontinuity of norm guarantee that
‖u0 − x0‖ ≤ ‖p− x0‖ ≤ lim inf
j→∞ ‖xkj − x0‖ ≤ lim supj→∞ ‖xkj − x0‖ ≤ ‖u0 − x0‖.
Hence, we obtain
lim
j→∞ ‖xkj − x0‖ = ‖p− x0‖ = ‖u0 − x0‖.
By Lemma 2.3, we have that
lim
j→∞ xkj = p = u0
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and all the sequence {xk} converges strongly to u0 as k →∞. The strong convergence of the sequence {yk} to u0 is followed
from (2.4) and xk → u0 as k → ∞. The strong convergence {zk} to u0 is followed from (2.3), (2.4) and the following
inequalities:
‖zk − xk‖ ≤ ‖zk − x1k‖ + ‖x1k − yk‖ + ‖yk − xk‖
≤ ‖zk − x1k‖ + ‖PC (xk)− PC (yk)‖ + ‖yk − xk‖
≤ ‖zk − x1k‖ + 2‖yk − xk‖,
since yk ∈ C for all k ≥ 0. The theorem is proved. 
Corollary 2.7. Let C be a nonempty closed convex subset in a real Hilbert space H and let {T (t) : t > 0} be a nonexpansive
semigroup on C such that F = ∩t>0 F(T (t)) ≠ ∅. Assume that {βk} is a sequence in [0, 1] such that βk ≤ 1 − β for some
β ∈ (0, 1) and {tk} is a sequence of positive real numbers satisfying the following condition:
lim inf
k
tk = 0, lim sup
k
tk > 0, lim
k
(tk+1 − tk) = 0.
Then, the sequences {xk} and {yk} defined by
x0 ∈ H any element,
x1k = PC (xk),
yk = βkx1k + (1− βk)T (tk)x1k,
Hk = {z ∈ H : ‖yk − z‖ ≤ ‖xk − z‖},
Wk = {z ∈ H : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PHk∩Wk(x0), k ≥ 0,
converge strongly to the same point u0 = PF (x0).
Proof. By putting αn ≡ 1 in Theorem 2.6, we obtain the above conclusion. 
Theorem 2.8. Assume that the conditions in Theorem 2.6 are satisfied. Then, the sequences {xk}, {zk} and {yk} defined by (1.6),
(1.8) and (1.10) converge strongly to the same point u0 = PF (x0).
Proof. For each p ∈ F , we have from (1.6), (1.10) that
‖zk − p‖ = ‖αkx1k − p+ (1− αk)Tkx1k‖
=
αk[PC (xk)− PC (p)] + (1− αk) 1tk
∫ tk
0
T (s)PC (xk)ds− PC (p)

≤ αk‖xk − p‖ + (1− αk)
 1tk
∫ tk
0
[T (s)PC (xk)− T (s)PC (p)]ds

≤ αk‖xk − p‖ + (1− αk) 1tk
∫ tk
0
‖xk − p‖ds
≤ ‖xk − p‖.
By the similar argument, we also obtain
‖yk − p‖ = ‖βkx1k − p+ (1− βk)Tkzk‖
=
βk(x1k − p)+ (1− βk) 1tk
∫ tk
0
T (s)zkds− p

≤ βk‖PC (xk)− PC (p)‖ + (1− βk)
 1tk
∫ tk
0
[T (s)zk − T (s)p]ds

≤ βk‖xk − p‖ + (1− βk) 1tk
∫ tk
0
‖zk − p‖ds
≤ ‖xk − p‖.
Therefore, p ∈ Hk. It means that F ⊂ Hk for k ≥ 0. As in the proof of Theorem 2.6, we have the following statements:
(i) F ⊂ Hk ∩Wk,
‖xk+1 − x0‖ ≤ ‖u0 − x0‖, u0 = PF (x0) (2.7)
for k ≥ 0. This implies that {xk} is bounded. So, {Tkxk}, {zk} and {Tkzk} are also bounded.
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(ii)
lim
k→∞ ‖xk+1 − xk‖ = 0. (2.8)
lim
k→∞ ‖zk − x
1
k‖ = 0. (2.9)
lim
k→∞ ‖yk − xk+1‖ = 0. (2.10)
lim
k→0 ‖yk − xk‖ = 0. (2.11)
(iii) Noting that Tnzn = yn − βn(x1n − Tnzn), we have
‖x1n − Tnzn‖ ≤ ‖x1n − yn‖ + βn‖x1n − Tnzn‖.
Then,
‖x1n − Tnzn‖ ≤
1
1− βn ‖PC (xn)− PC (yn)‖
≤ 1
1− βn ‖xn − yn‖. (2.12)
By 1− βn ≥ β > 0 and (2.11), we obtain
lim
n→∞ ‖x
1
n − Tnzn‖ = 0.
Hence, from (2.9), it implies that
lim
n→∞ ‖zn − Tnzn‖ = 0. (2.13)
Since {xn} is bounded, there exists a subsequence {xnj} of {xn} that converges weakly to some element p ∈ H as j →∞. So,
by (2.11), the subsequence {ynj} also converges weakly to p and hence p ∈ C .
On the other hand, we have for each h > 0 that
‖T (h)zn − zn‖ ≤
T (h)zn − T (h) 1tn
∫ tn
0
T (s)znds

+
T (h) 1tn
∫ tn
0
T (s)znds

− 1
tn
∫ tn
0
T (s)znds
+  1tn
∫ tn
0
T (s)znds− zn

≤ 2
 1tn
∫ tn
0
T (s)znds− zn
+ T (h) 1tn
∫ tn
0
T (s)znds

− 1
tn
∫ tn
0
T (s)znds
 . (2.14)
Let C1 = {z ∈ C : ‖z − u0‖ ≤ 2‖x0 − u0‖}. Since u0 = PF (x0) ∈ C,we have from (2.1) that
‖zn − u0‖ = ‖αkPC (xn)− u0 + (1− αn)[TnPC (xn)− u0]‖
= ‖αn[PC (xn)− PC (u0)] + (1− αn)[TnPC (xn)− TnPC (u0)]‖
≤ αn‖PC (xn)− PC (u0)‖ + (1− αn)‖TnPC (xn)− TkPC (u0)‖
≤ ‖xn − u0‖
≤ 2‖x0 − u0‖.
So, C1 is a nonempty bounded closed convex subset. It is easy to verify that and {T (t) : t > 0} is a nonexpansive semigroup
on C1. Hence, by Lemma 2.5, we get
lim
n→∞
T (h) 1tn
∫ tn
0
T (s)znds

− 1
tn
∫ tn
0
T (s)znds
 = 0
for every h ∈ (0,∞) and hence, by (2.13) and (2.14), we obtain
lim
n→∞ ‖T (h)zn − zn‖ = 0
for each h > 0. By Lemma 2.4, this implies p ∈ F(T (h)) for all h > 0. As in the proof of Theorem 2.6, by using (2.8)–(2.12),
we also obtain that the sequences {xn}, {yn} and {zn} defined by (1.6), (1.8) and (1.10) converge strongly to u0 as n → ∞.
This completes the proof. 
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Corollary 2.9. Let C be a nonempty closed convex subset in a real Hilbert space H and let {T (t) : t > 0} be a nonexpansive
semigroup on C such that F = ∩t>0 F(T (t)) ≠ ∅. Assume that {βk} is a sequence in [0, 1] such that βk ≤ 1 − β for some
β ∈ (0, 1) and {tk} is a positive real number divergent sequence. Then, the sequences {xk}, {yk} defined by
x0 ∈ H any element,
yk = βkPC (xk)+ (1− βk)TkPC (xk),
Hk = {z ∈ H : ‖yk − z‖ ≤ ‖xk − z‖},
Wk = {z ∈ H : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PHk∩Wk(x0), k ≥ 0,
where Tk is defined by
Tky = 1tk
∫ tk
0
T (s)yds
for all ∈ C, converge strongly to the same point u0 = PF (x0).
Proof. By putting αn ≡ 1 in Theorem 2.8, we obtain the above conclusion. 
3. Application
Consider the problem of finding a zero of a maximal monotone operator A in Hilbert space H . It is well known [17] that
the initial value problem
du(t)
dt
+ Au(t) ∋ 0 for every t > 0,
u(0) = x,
for any x in D(A) has a unique strong solution u : [0,∞)→ H and D(A) is closed and convex. Putting T (t)x = u(t), we have
that the family of mappings {T (t) : 0 ≤ t < ∞} of D(A) onto itself is a one-parameter nonexpansive semigroup on D(A).
Moreover, we know [17] that
A−10 = F = ∩t≥0 F(T (t)).
So, we can apply the results in Section 2 to find a zero of Awith C = D(A). If D(A) = H , then method (1.6) has the following
form:
x0 ∈ H, any element,
zk = αkxk + (1− αk)Tkxk,
yk = βkxk + (1− βk)Tkzk,
Hk = {z ∈ H : ‖yk − z‖ ≤ ‖xk − z‖},
Wk = {z ∈ H : ⟨xk − z, x0 − xk⟩ ≥ 0},
xk+1 = PHk∩Wk(x0), k ≥ 0,
where {αk}, {βk} and {tk} satisfy the conditions in Theorem 2.6 or 2.8, the mapping Tk is defined by (1.9) or (1.10),
respectively.
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